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Abstract. The purpose of this document is to introduce a new control scheme
which is based in the feedback linearization technique. The error signal is defined
as a vector of dimensation two, with first element defined as the difference be-
tween a differentiable time–varying signal and the arm position, while the second
element is defined as the negative of the pendulum position. The control prob-
lem consists in designing a control input to keep the error trajectories ultimately
bounded. The proposed controller is tested by means of numerical simulations
and real–time experiments, which support its practical viability.

1 Introduction

Underactuated mechanical systems are systems which have more degrees-of-freedom
than actuators to control. Their uses are common on a lot of applications as robot mobile
systems, vehicles used on space or under the sea (with special features that increases
difficulties to control) or because of the mathematical model used for control design as
where joint flexibility is included in the model. The Furuta pendulum is a well–known
underactuated mechanical system used by many control researchers to test linear and
non linear techniques[1]. This mechanism consists in an arm rotating in the horizontal
plane and pendulum rotating in the vertical plane. The system has only one actuator that
provides torque τ ∈ IR at the arm.

Feedback linearization is a commonly control technique used in non linear systems;
see for example [2]. The basic idea of the feedback linearization control is to define
a proper measurable output. Then, by computing an appropriated number of time dif-
ferentiations of the output, the controller is derived so that the resulting closed–loop
system is linear and time–invariant. A possible disadvantage of this approach is that the
so–called zero dynamics may be unstable.

The purpose of this document in to introduce a new control scheme which is based
in the feedback linearization technique. The control objective is to keep the error trajec-
tories uniformly ultimately bounded. Numerical simulations and real–time experiments
support the introduced theory and show its practical viability.
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The Furuta pendulum dynamics and the control problem formulation are given in
Section 2. A new control is proposed in Section 3. There, the closed–loop system and
zero dynamics are discussed. In Section 4, by using an original experimental platform
which has been accurately identified, the numerical and real–time experimental tests
are presented. Finally, some concluding remarks are provided in Section 5.

2 Furuta pendulum dynamic model and control problem
formulation

2.1 Model

As previously described, the Furuta pendulum is mechanism consisting in an arm rotat-
ing in the horizontal plane and pendulum rotating in the vertical plane. See Figure 1 for
a description of the relative joint angle measurements and torque application.

Fig. 1. Furuta pendulum.

The dynamic model of the Furuta pendulum in Euler-Langrange form is written as
[1], [4], [5],

M(q)q̈ + C(q, q̇)q̇ + g(q) + Fvq̇ + f cl(q̇) = u, (1)

where

q =

[
q1
q2

]
is the vector of joint position,

u =

[
τ
0

]
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is the torque input vector, being τ ∈ IR the torque input of the arm,

M(q) =

[
θ1 + θ2 sin

2(q2) θ3 cos(q2)
θ3 cos(q2) θ4

]
,

C(q, q̇) =

[
1
2θ2q̇2 sin(2q2) −θ3q̇2 sin(q2) +

1
2θ2q̇1 sin(2q2)

− 1
2θ2q̇1 sin(2q2) 0

]
,

g(q) =

[
0

−θ5 sin(q2)

]
,

Fv =

[
fv1 0
0 fv2

]
=

[
θ6 0
0 θ7

]
,

f cl(q̇) =

[
fc1 tanh(βq̇1)
fc2 tanh(βq̇2)

]
=

[
θ8 tanh(βq̇1)
θ9 tanh(βq̇2)

]
,

where M(q) ∈ IR2×2 is the positive definite inertia matrix and C(q, q̇)q̇ ∈ IR2×1 is
the centrifugal and Coriolis torque vector, g(q) ∈ IR2×1 is known as the gravitational
torque vector, Fv ∈ IR2×2 is a diagonal matrix of containing the viscous friction coeffi-
cients of each joint, and f cl(q̇) ∈ IR2×1 is continuous and differentiable version of the
Coulomb friction vector with β > 0 large enough.

The physical meaning of the input vector u ∈ IR2 is that the system is equipped
with one actuator only, which delivers the torque input τ ∈ IR.

2.2 Control problem

First, let us define the following signals

e =

[
e1
e2

]
=

[
qd1 − q1
−q2

]
∈ IR2, (2)

where qd1(t) is twice differential signal that denotes the desired angle position of the
arm.

The control problem consists in designing a controller τ ∈ IR such that the error
trajectories e(t) ∈ IR2 satisfies the definition of a uniformly ultimately bounded signal.
In other words, the controller should guarantee

‖e(0)‖ < α ⇒ ‖e(t)‖ ≤ b ∀ t ≥ t0 + T. (3)

3 Proposed scheme

3.1 A controller derived from feedback linearization

Let us define the vectors

hv =

[
hv1
hv2

]
=

1

detM(q)

[
M22z1 −M12z2
−M21z1 +M11z2

]
, (4)
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with

z1 = C11q̇1 + C12q̇2 + fv1q̇1 + fc1 tanh(βq̇1), (5)
z2 = C21q̇1 + C22q̇2 + g2 + fv2q̇2 + fc2 tanh(βq̇2), (6)

and

gv =

[
gv1
gv2

]
=

1

detM(q)

[
M22

−M21

]
. (7)

Thus, by using the definition of e in (2), the open–loop dynamics can be written as

d

dt

[
e1
e2

]
=

[
ė1
ė2

]
, (8)

d

dt

[
ė1
ė2

]
=

[
q̈d1 − hv1 − gv1τ
−hv2 − gv2τ

]
(9)

Feedback linearization is a control technique commonly used in non linear systems.
This approach consists in the transformation of the non linear system into an equivalent
system through a proper output signal.

Now, consider
r = ė+∆e, (10)

where∆ = diag{∆1, ∆2} ∈ IR2×2 which is positive definite. For the open loop system
(8)–(9) we propose the output function

y = r1 + r2 (11)

where r1 and r2 are defined in (10).
Equation (11) satisfies

ẏ = ë1 +∆1ė1 + ë2 +∆2ė2 (12)
= q̈d1 − [hv1 + hv2]− [gv1 + gv2]τ +∆1ė1 +∆2ė2 (13)

The output equation (11) can be turned into an exponentially convergent signal by
using a torque input given by

τ = τfbl =
q̈d1 +Kpy − [hv1 + hv2] +∆1ė1 +∆2ė2

gv1 + gv2
, (14)

where Kp is a positive constant.
Notice that the controller (14) is valid in a region of the state space where

gv1 + gv2 6= 0.

However, without loss of generality, in this paper we assume that

gv1 + gv2 < 0, ∀ q ∈ IR2. (15)

Let us notice that the experimental case study presented in this paper satisfies assump-
tion (15); see Section 5.
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The closed–loop system can be written as

d

dt
y = −Kpy, (16)

for which we have that
lim
t→∞

y(t) = 0,

with exponential convergence rate.

3.2 Zero dynamics

The zero dynamics is obtained assuming that the output signal y and its time–derivative
are equal to zero, that is,

y = 0, (17)

and
ẏ = 0. (18)

In preparation to obtain the zero dynamics, let us first take into account that by
virtue of definition (2), the following

q1 = qd1 − e1,
q̇1 = q̇d1 − ė1,
q2 = −e2,
q̇2 = −ė2,

is satisfied. At the same time

hv1(q1, q2, q̇1, q̇2) = hv1(t, e1, e2, ė1, ė2),

hv2(q1, q2, q̇1, q̇2) = hv2(t, e1, e2, ė1, ė2),

gv1(q1, q2) = gv1(t, e1, e2),

gv2(q1, q2) = gv2(t, e1, e2),

which means that the Furuta pendulum dynamics can be expressed as a function of the
time t, the position tracking error e, and the velocity tracking error ė.

From the equation (17) and the definition of r in (10), we have that

d

dt
e1 +∆1e1 = − d

dt
e2 −∆1e2 (19)

is satisfied.
Besides, by using (18), the fact that

ë1 = q̈d1 − q̈1 = q̈d1 − hv1 − gv1 τ |y=0 ,

expanding the definition of hv1 in (4) as

hv1 = hC1 −
θ3 cos(q2)

det(M)
[−θ5 sin(q2)]
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with

hC1 =
M22

det(M)
z1 −

M12

det(M)
[C21q̇1

+C22q̇2 + fv2q̇2 + fc2 tanh(βq̇2)] ,

z1 in (5), and using the definition q2 = −e2, it is possible to show that

d2

dt2
e2 + κ(q)∆2

d

dt
e2 + κ(q)

θ3 cos(q2)

det(M)
θ5 sin(e2) = −κ(q)[q̈d1 +∆1ė1]

+κ(q)hC1 −
gv1

gv1 + gv2
hv2, (20)

where
κ(q) = κ(t, e) = 1− gv1

gv1 + gv2

Notice that by virtue of the fact that gv1 (see its definition in equation (7)), and the
assumption (15), the inequality

κ(q) > 0, ∀ q ∈ IR2,

is satisfied.
The system (19) and (20) governs the dynamics of the signals [e1 e2 ė2]

T ∈ IR3

for y(t) = ẏ(t) = 0 for all t ≥ 0, that is, equations (19) and (20) represent a form to
describe the zero dynamics.

In agreement with the discussion about the dependency of the Furuta pendulum
dynamics, it is clear that

hv1(t, e1, e2, ė1, ė2) = hC1(t, e1, e2, ė1, ė2)−
θ3 cos(−e2)
det(M)

[−θ5 sin(−e2)]

= hC1(t, e1, e2, ė1, ė2)−
θ3 cos(e2)

det(M)
[θ5 sin(e2)] .

3.3 Discussion on the control goal

It is possible to show that the trajectories of the zero dynamics (19) and (20) are uni-
formly ultimately bounded. However, the proof of this fact will be left out for shortening
of this paper.

The exponential convergence of the output signal y(t), and the assumption that
qd1(t), q̇d1(t), and q̈d1(t) are bounded, guarantee that the signals e1(t) and e2(t) are
uniformly ultimately bounded.

Furthermore, there is an ultimate bound of the trajectories e1(t) and e2(t) that de-
pends on the Furuta pendulum dynamics and on the control gains ∆1 and ∆2.
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Fig. 2. Furuta pendulum prototype built at Instituto Politécnico Nacional–CITEDI Research Cen-
ter.

4 Numerical and experimental results

In this section, the real–time implementation of the proposed controller (14) is pre-
sented. The experimental tests have been conducted in a Furuta pendulum built at the
Instituto Politécnico Nacional–CITEDI Research Center. See Figure 2 for picture of the
experimental system.

The constant parameters θi of the Furuta pendulum model in (1) have been iden-
tified by using a procedure based on least squares. These parameters are shown in Ta-
ble 1, which was obtained by using the filtered dynamic model and the classical least
squares identification; see for instance [6] and [7], where identification procedures for
mechanical systems are proposed. In the identification process, we considered

β = 100,

which is related to the vector of Coulomb friction f cl(q̇) ∈ IR2 in the Furuta pendulum
model (1).

The identified model was useful to perform numerical simulations of the proposed
theory and as previous step to achieve implementations in real–time. Let us notice that
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Fig. 3. Simulation and experiment: Time evolution of qd(t) and q1(t) obtained by simulation
and experiment.
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Fig. 4. Simulation and experiment: Time evolution of q2(t) obtained by simulation and experi-
ment.
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Table 1. Numerical values of the Furuta pendulum parameters.

Symbol Value Unit
θ1 0.20959 Kg ·m2 · rad
θ2 0.04926 Kg ·m2 · rad
θ3 0.06258 Kg ·m2 · rad
θ4 0.04539 Kg ·m2 · rad
θ5 1.71142 Kg ·m2 · rad
θ6 0.08514 N ·m · rad/sec
θ7 0.00238 N ·m · rad/sec
θ8 0.13738 N ·m · rad/sec
θ9 0.02789 N ·m · rad/sec

to obtain a successful experimental result the applied torque should respect the power
limits. Besides, simulations are important to check that stability is still obtained in spite
of the fact that the controller is implemented in discrete form and the joint velocity is
estimated through discrete differentiation from joint position measurements.

Since the experimental system has been identified, experiments have been compared
with respect to numerical simulations.

The desired joint position trajectory qd1(t) for the arm position was defined as

qd1(t) = 1.0 sin(t)

Besides, concerning the output function y in (11), we used

∆1 = 5.0, (21)
∆2 = 8.0. (22)

and Kp = 10.0 in the new controller (14).
The initial condition of the experimental system was[

q1(0)
q2(0)

]
=

[
0
0

]
[rad],

and [
q̇1(0)
q̇2(0)

]
=

[
0
0

]
[rad/s].

4.1 Results

The numerical and experimental results are illustrated in Figures 3–6. In particular, the
Figure 3 shows the time evolution of qd1(t) and q1(t), and the Figure 4 depicts the time
evolution of q2(t). The applied torque τ(t) and the output signal y(t) are observed in
Figures 5 and 6, respectively.

As observed in Figures 3–6, the experimental results and the simulation are very
similar, which shows that the identified parameters θi are relatively accurate.
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Fig. 5. Simulation and experiment: Time evolution of control input τ(t).
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Fig. 6. Simulation and experiment: Time evolution of the output signal y(t).
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The control action τ(t) obtained by simulation and experiment has high frequency
components. This is attributed to the velocity estimation obtained by using the dirty
derivative algorithm [8]

q̇(Tk) ≈ q(Tk)− q(T [k − 1])

T
, (23)

with T = 0.001 [s] the sampling period and k the integer time index, and the PWM
switching of the servo amplifier.

Also, in Figure 6 the response of the output function y(t) in (11) is appreciated for
both simulation and experiment. Although theory predicts exponential convergence of
y(t), an oscillatory behavior with high frequency components is presented. It is note-
worthy that the output function y(t) in (11) depends of the joint velocity q̇(t) ∈ IR2.
The main reason for the oscillatory behavior of y(t) is that the joint velocity q̇(t) is
estimated via the noisy dirty derivative algorithm (23) and the relative high value of the
gains ∆1 and ∆2 in (21) and (22), respectively.

By means of numerical simulation assuming a continuous time implementation of
the controller and non quantized position and velocity measurements, the exponential
convergence of y(t) was corroborated

5 Concluding remarks

A new controller based on the feedback linearization technique has been introduced in
this paper.

The output function y(t) was selected as a linear combination of the position and
velocity tracking errors. In fact, the output function y(t) is inspired from the filtered
tracking error used in passivity–based controllers for fully actuated mechanical systems;
see [3] for example.

The main result consisted in proving that the output function converges to zero in an
exponential form, while the trajectories of the zero dynamics are uniformly ultimately
bounded. Simulations and real–time experiments confirmed the validity of the main
result.

Current work is focused in the application of the proposed ideas to other under
actuated mechanical systems. Other possible extension is the use of integral action to
define the output function y(t). The addition of integral action can induce the behavior
of second order system in the time evolution of the output function y(t). However, this
idea is also under research.
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